Differentiability of semigroups is useful for many applications. Here we focus on stochastic differential equations whose diffusion coefficient is the square root of a differentiable function but not differentiable itself. For every m ∈ {0, 1, 2} we establish an upper bound for a C m -norm of the semigroup of such a diffusion in terms of the C m -norms of the drift coefficient and of the squared diffusion coefficient. Our estimates can also be used to prove regularity results for infinite-dimensional stochastic differential equations.
Introduction
Let S be a non-empty countable set and let X = (X t ) t∈ [0,∞) be the solution of a stochastic differential equation (SDE) with values in [0, 1] S (results for more general rectangular state spaces can be obtained by a componentwise rescaling). We prove existence and continuity of spatial derivatives of the functions (t, x) → (T t ψ)(
, under suitable assumptions. More precisely, Theorem 4.1 below shows under suitable assumptions for every t ∈ [0, ∞) and every m ∈ {0, 1, 2} that
where a m and b m depend respectively on the partial derivatives of the drift function and of the squared diffusion function up to order m and where · C m is defined in Subsection 1.1 below. In particular, note that we do not assume differentiability of the diffusion coefficient but only of the squared diffusion coefficient. The "cost" of allowing square-root diffusions is that we need to assume the diffusion coefficient matrix to be diagonal; see Section 4 for the precise setting. We also note that even differentiability of the semigroup is nontrivial since singular diffusion coefficients (that is, degenerate noise) can lead to loss of regularity; see Theorem 1.2 in Hairer, Hutzenthaler, & Jentzen [7] . Partial differentiability of semigroups is used in a number of applications, e.g.:
• inequalities between expectations of diffusions with different coefficient functions, e.g. Theorem 1 in Cox, Fleischmann, & Greven [1] or Proposition 2.2 in Hutzenthaler & Wakolbinger [12] ,
• weak convergence rates for numerical approximations of SDEs, e.g. Theorem 1 in Talay & Tubaro [17] ,
• stochastic representations of quasilinear parabolic partial differential equations, e.g. Theorem 3.2 in Peng [14] , and many more. These results now also hold for those SDEs for which we establish differentiability of the semigroup. In the literature, differentiability of semigroups is well-known in the case of differentiable coefficient functions of suitable order, e.g. Theorem 8.4.3 in Gikhman & Skorokhod [6] . Moreover, differentiability of semigroups is well-known in the case of one-dimensional SDEs including the case of square-root diffusion coefficients; see, e.g., Dorea [3] or Ethier [4] . We are not aware of results on differentiability
Notation
We write N 0 := {0, 1, 2, . . .} and N := N 0 \ {0}. For every topological space (E, E) we denote by B(E) the Borel σ-algebra on (E, E). [16] ensures the existence of a deterministic Markov process y = (y 1 , . . . ,
Drift term
We denote by {T
Lemma 2.1. Assume the setting in the first paragraph of Section 2 and let
Proof. The theory of ordinary differential equations yields for all t
g. Corollary V.4.1 in Hartman [8] ) and this together with
The dominated convergence theorem and (2) imply for all i, j ∈ {1, . . . , d}, all t ∈ [0, ∞), and all x ∈ [0, 1] d that
It follows for all j ∈ {1, . . . , d}, all t ∈ [0, ∞), and all
This and Gronwall's inequality yield for all j ∈ {1, . . . , d}, all t ∈ [0, ∞), and all
It follows from the chain rule and from (6) for all j ∈ {1, . . . , d}, all t ∈ [0, ∞), and all
Together with the fact that sup
This finishes the proof of Lemma 2.1.
Lemma 2.2. Assume the setting in the first paragraph of Section 2 and let
and
Proof. The theory of ordinary differential equations yields for all t [8] ) and this together with
This, (6) , and
This and Gronwall's inequality yield for all j, k ∈ {1, . . . , d}, all t ∈ [0, ∞), and all
It follows from the chain rule, (6), a 1 ≤ a 2 , and from (12) for all j, k ∈ {1, . . . , d}, all t ∈ [0, ∞), and all
Together with Lemma 2.1 and a 1 ≤ a 2 , this shows for all t ∈ [0, ∞) that
This finishes the proof of Lemma 2.2.
Lemma 2.3. Assume the setting in the first paragraph of Section 2 and let
It follows for all j, k, l ∈ {1, . . . , d}, all t ∈ [0, ∞), and all
This, (6), (12) 
This and Gronwall's inequality yield for all j, k, l ∈ {1, . . . , d}, all t ∈ [0, ∞), and all
It follows from the chain rule, (6), (12), a 1 ≤ a 2 ≤ a 3 , and from (19) for all t ∈ [0, ∞) and all 
Together with Lemma 2.2 and a 2 ≤ a 3 , this shows for all t ∈ [0, ∞) that
This finishes the proof of Lemma 2.3.
Diffusion term
We now handle the diffusion term by first looking at the one-dimensional case.
One-dimensional semigroup
Throughout this subsection, let g ∈ C 3 ([0, 1], R) satisfy that g(0) = 0 = g (1) and for all x ∈ (0, 1) that [13] .
The following lemma on smoothness preservation of the semigroup is well-known if, for m ∈ {0, 1, 2, 3}, the norm · C m is replaced by the equivalent norm φ → m k=0 [3] . The proof of the new upper bound of the operator norm of the semigroup with respect to · C m for m ∈ {0, 1, 2, 3} is a straightforward adaptation of the proofs in Dorea [3] . 
Lemma 3.1. Assume the setting in the first paragraph of Subsection 3.1. Then for all
Proof. For every m ∈ {0, 1, 2, 3} Theorem 1 and Remark 1 in Ethier [4] and the Main Theorem in Dorea [3] yield for all t ∈ [0, ∞) that 
Fix m ∈ {0, 1, 2} for the rest of this paragraph.
Thus
. Consequently, the Hille-Yosida theorem (e.g. Theorem 1.2.6 in Ethier & Kurtz [5] ) yields that G generates a unique strongly continuous contraction semigroup
Since m ∈ {0, 1, 2} was arbitrary, Lemma 3.1 is shown for all m ∈ {0, 1, 2}. It remains to treat the case m = 3. Definec 3 := c 3 −
. Theorem 3 in Dorea [3] yields for all λ >c 3 
exists and its proof shows that
This, (24), and the inequality c 0 ≤ c 1 ≤ c 2 ≤c 3 yield for all λ >c 3 and all φ ∈ C 3 ([0, 1], R) that
If λ > c 3 , then λ >c 3 and 1 − 1 2
λ−c3 > 0, rearranging (28) therefore yields for all λ > c 3 and
The remaining part of the proof follows from an application of the Hille-Yosida theorem as in the previous paragraph. This finishes the proof of Lemma 3.1. 
Diffusion semigroup in d dimensions
let {T 
so that the result of Subsection 3.1 applies. Moreover, it holds for all i ∈ {1, . .
and it holds for all t
The aim of this subsection is to show for all m ∈ {0, 1, 2, 3} that it holds for all t
Lemma 3.2. Assume the setting in the first paragraph of Subsection 3.2 and let
, and I ⊆ {1, . . . , d}. Then the function
is continuous.
Proof. Throughout this proof, we denote by , y) . Therefore, the second summand on the right-hand side converges to zero as n → ∞. This finishes the proof of Lemma 3.2.
We denote by {T t : t ∈ [0, ∞)} the strongly continuous contraction semigroup on C([0, 1] d , R) associated with the diffusion process X; see Remark 3.2 in Shiga & Shimizu [16] . 
